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A discrete random variable  X ~ 𝐵𝑖𝑛 (𝑛, 𝑝 ) 

 

PROPERTIES: 

 

5. Mean deviation about the mean 

𝑀𝐷𝑛𝑝  𝑋 = 𝐸  𝑋 − 𝑛𝑝  

 = 2   𝑥 − 𝑛𝑝 𝑓 𝑥 𝑛
𝑥=𝑘+1  , where k=[np], ie, highest integer                      

   contained in the value of np. 

          = 2   𝑥(𝑝 + 1 − 𝑝) − 𝑛𝑝 𝑓 𝑥 𝑛
𝑥=𝑘+1   

          =  2   𝑥 1 − 𝑝 − (𝑛 − 𝑥)𝑝 𝑓 𝑥 𝑛
𝑥=𝑘+1  

 = 2  { 𝑥 1 − 𝑝 
𝑛! 𝑝𝑥 (1−𝑝)𝑛−𝑥

 𝑛−𝑥 !𝑥!
−  𝑛 − 𝑥 𝑝 

𝑛!  𝑝𝑥 (1−𝑝)𝑛−𝑥

 𝑛−𝑥 !𝑥!
}𝑛

𝑥=𝑘+1  

 = 2 { 𝑛
𝑥=𝑘+1   

𝑛! 𝑝𝑥 (1−𝑝)𝑛−𝑥+1

 𝑛−𝑥 !(𝑥−1)!
 −  

𝑛! 𝑝𝑥+1(1−𝑝)𝑛−𝑥

 𝑛−𝑥−1 !𝑥!
 }   ……………(*)  

 𝐿𝑒𝑡 𝛾𝑥 =
𝑛! 𝑝𝑥 (1−𝑝)𝑛−𝑥+1

 𝑛−𝑥 !(𝑥−1)!
  ⇒  𝛾𝑥+1 =  

𝑛! 𝑝𝑥+1(1−𝑝)𝑛−𝑥

 𝑛−𝑥−1 !𝑥!
   

So from (*)  𝑀𝐷𝑛𝑝  𝑋 =  2 { 𝑛
𝑥=𝑘+1 𝛾𝑥 − 𝛾𝑥+1} 

                                         = 2𝛾𝑘+1 

                                          =  
𝑛! 𝑝𝑘+1(1−𝑝)𝑛−𝑘

 𝑛−𝑘−1 !𝑘!
   

 



 

 

5. MODE  OF THE RANDOM VARIABLE X. 

Mode is defined as observation which contains maximum probability. 

So at mode f x ≥ f x − 1 and f x ≥ f(x + 1) 

 

Simplifying  f x ≥ f x − 1  

                      ⇒ 𝑛𝐶𝑥𝑝
𝑥(1 − 𝑝)𝑛−𝑥  ≥   𝑛𝐶𝑥−1

𝑝𝑥−1(1 − 𝑝)𝑛−𝑥+1 

  ⇒ 
𝑛! 𝑝𝑥 (1−𝑝)𝑛−𝑥

 𝑛−𝑥 !𝑥!
 ≥  

𝑛! 𝑝𝑥−1(1−𝑝)𝑛−𝑥+1

 𝑛−𝑥+1 !(𝑥−1)!
  

  ⇒ 
𝑝

𝑥 
 ≥  

1−𝑝

𝑛−𝑥+1
 

  ⇒  𝑛 + 1 𝑝 ≥ 𝑥 ………………………..(*) 

Simplifying  f x ≥ f x + 1  

                      ⇒ 𝑛𝐶𝑥𝑝
𝑥(1 − 𝑝)𝑛−𝑥  ≥   𝑛𝐶𝑥+1

𝑝𝑥+1(1 − 𝑝)𝑛−𝑥−1 

  ⇒ 
𝑛! 𝑝𝑥(1−𝑝)

𝑛−𝑥

 𝑛−𝑥 !𝑥!
 ≥  

𝑛! 𝑝𝑥+1(1−𝑝)
𝑛−𝑥−1

 𝑛−𝑥−1 !(𝑥+1)!
  

  ⇒ 
1−𝑝

𝑛−𝑥 
 ≥  

𝑝

𝑥+1
 

  ⇒  𝑛 + 1 𝑝 − 1 ≤ 𝑥 ………………………..(**) 

Combining (*) and (**) ,  𝑛 + 1 𝑝 − 1 ≤ 𝑥 ≤   𝑛 + 1 𝑝 

 

 

 



 

 

Case1: When the distribution is unimodal and mode lies atX =k , then  

𝑓 1 < 𝑓 2 < ⋯  < 𝑓 𝑘 − 1 < 𝑓 𝑘 >  𝑓 𝑘 + 1 > ⋯ > 𝑓 𝑛 − 1 > 𝑓(𝑛) 

Then mode is at X=K where, k= [ (n+1)p] 

Case2: When the distribution is bimodal and mode lies atX =k , then  

𝑓 1 < 𝑓 2 < ⋯  < 𝑓 𝑘 − 1 = 𝑓 𝑘 >  𝑓 𝑘 + 1 > ⋯ > 𝑓 𝑛 − 1 > 𝑓(𝑛) 

Then mode is at X=K-1 and X= k where, k= (n+1)p which is an integer. 

 

 

6. RECCURSSION RELATION OF CENTRAL MOMENTS 

f x =  𝑛𝐶𝑥𝑝
𝑥(1 − 𝑝)𝑛−𝑥  

⇒ 
𝑑

𝑑𝑝
 𝑓 𝑥 =  𝑛𝐶𝑥 ( 𝑥𝑝𝑥−1 1 − 𝑝 𝑛−𝑥 −  𝑛 − 𝑥 𝑝𝑥 1 − 𝑝 𝑛−𝑥−1) 

                        =  𝑛𝐶𝑥𝑝
𝑥(1 − 𝑝)𝑛−𝑥  (  

𝑥

𝑝
− 

𝑛−𝑥

1−𝑝
  )  

     =
(𝑥−𝑛𝑝 )

𝑝(1−𝑝)
 𝑓(𝑥) …………….  (*) 

Now 𝜇𝑟 = 𝐸 𝑋 − 𝑛𝑝 𝑟  

     =   (𝑥 − 𝑛𝑝)𝑟  . 𝑓(𝑥)𝑛
𝑥=0  

𝑑

𝑑𝑝
𝜇𝑟 =   { −𝑛𝑟  𝑥 − 𝑛𝑝 𝑟−1 . 𝑓 𝑥 +   𝑥 − 𝑛𝑝 𝑟−1  𝑥−𝑛𝑝  

𝑝 1−𝑝 
 𝑓 𝑥 } 𝑛

𝑥=0 (from (*)) 

            =  −𝑛𝑟 𝜇𝑟−1 + 
1

𝑝(1−𝑝)
 𝜇𝑟+1  …………….. (**) 

 



 

 

Putting r = 2 in (**), we know that 𝜇2 = 𝑛𝑝 1 − 𝑝 𝑎𝑛𝑑 𝜇1 =  0 

So 𝜇3 = 𝑛𝑝 1 − 𝑝 (1 − 2𝑝) 

Hence the measure of skewness 𝛾1 =  
𝜇3

𝜇2

3
2

=  
(1−2𝑝)

 𝑛𝑝 (1−𝑝)
 

𝛾1 < 0 ⇒ 𝑝 >  
1

2
 ⇒ X is negatively skewed. 

𝛾1 > 0 ⇒ 𝑝 <  
1

2
 ⇒ X is positively skewed 

𝛾1 = 0 ⇒ 𝑝 =  
1

2
 ⇒ X is symmetric. 

Putting x=3 in (**), we get 𝜇4 = 3𝑛2𝑝2(1 − 𝑝)2 + 𝑛𝑝 1 − 𝑝 (1 − 6𝑛𝑝 1 − 𝑝 ) 

So, kurtosis 𝛾2 =  
𝜇4

𝜇2
2 −  3 =  

(1−6𝑛𝑝  1−𝑝 )

𝑛𝑝  1−𝑝 
 

So depending upon the values of n and p we can determine the kurtosis of the 

distribution. 

 

 

7. MAXIMUM VARIANCE OF PROPORTION OF SUCCESS 

In case of Bin(n , p), the proportion of success is 
𝑥

𝑛
. 

𝑉   
𝑥

𝑛
  =  

𝑛𝑝 1 − 𝑝 

𝑛2
= 𝑣  𝑠𝑎𝑦 . 

 

 



 

 

Now 
𝑑

𝑑𝑝
𝑣 =  

1−2𝑝

𝑛
 

𝑑2𝑣

𝑑𝑝2
=  − 

2

𝑛
< 0 

𝑑

𝑑𝑝
𝑣 = 0 ⇒ 

1−2𝑝

𝑛
 ⇒ 0 ⇒ 𝑝 =  

1

2
. 

So at 𝑝 =  
1

2
. V is maximum. 

So maximum v = 
1

4n
. 
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