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22.1 Primitive or Anti-Derivative of
a Function

A function ¢@(x) is called a primitive or an anti-derivative of a
function f(x) if ¢’(x)="f(x).

x° d(x
For example, —— is a primitive of x*, because [ X = x4,
5 dx\ 5

Let ¢(x) be a primitive of a function f(x) and let c be any constant.
Then

%(¢(x)+ )=¢"(x)=f(x) [since ¢’(x)=f(x)]

So, ¢(x)+c is also a primitive of f(x).

Thus, if a function f(x) possesses a primitive, then it possesses
infinitely many primitives that are contained in the expression
#(x)+c where cis a constant.
5 .5 5
x> X X Lo
For example, e 2, 3 + 1, etc. are primitives of x*.

22.2 Indefinite Integral and Indefinite
Integration

Let f(x) be a function. Then the collection of all its primitives is
called the indefinite integral of f(x) and is denoted by Jf(x)dx.

Thus, i(¢(x)+c) =f(x)= [f(x)dx = p(x)+c.
dx

where ¢(x) is the primitive of f(x) and c is an arbitrary constant
known as the constant of integration.

Here J. is the integral sign, f(x) is the integrand, x is the variable
of integration and dx is the element of integration.

The process of finding an indefinite integral of a given function
is called integration of the function.

It follows from the above discussion that integrating a function

f(x) means finding a function @(x) such that digb(x): f(x).
X

22.2.1 Fundamental Properties of Integration
1. [ fldx=c[f(x)dx

2. [(F0)£g00))dx = [f(x)dx+ [ glx)dx

3. [Flx)dx = g(x)+c = Flax+ b)dx :% glax+b)+c

Note: Every continuous function is integrable.

22.2.2 Fundamental Formulas on Integration

1. J1dx:x+c
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. J.ex dx=e*+c [since, di(ex)zex]
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. jaxdx=a—+c since,i a |-y
Ina dx\ Ina

. . d .
. Jsmxdx:—cosx+c since, CT(—cosx)zsmx
X

. . d .
. J.cosxdx:smx+c since, d—(smx):cosx
X

2 : d 2
. jsec xdx =tanx+c |since, —(tanx)=sec’ x
dx
2 : d 2
. J.cosec xdx=—cotx+c |since, a(—COtX)=COSGC X
. d
. J.secx~tanxdx:secx+c since, a(secx):secxtanx
. Jcosecx-cotxdx:—cosecx+c
. d
since,—(—cosec x) = cosec x - cot x
dx
. J.tanxdx:In\secx\+c:—ln\cosx\+c
. d
since, —(Incos x)=—tanx
dx

. Jcotxdx =In|sinx|+ ¢ =—In|cosec x|+ ¢

. d .
[smce, —(Insinx) = cot x]
dx



16.

17.

18.

19.

20.

T x
Jsecxdx =In|secx +tanx|+c= Intan(z+5)+c

- d
since, —(In(sec x + tan x)) = sec x
dx

X
Jcosecxdx =In|cosec x —cot x| +c = Intan(5)+c

. d
since, d—(ln(cosec X —cot x)) = cosec x
X

=sin"'x+c=—cos ' x+c

[ 1
since, —(sin” X)= —
dx 1-x?

dx -1 -1
j Z:tan X+c=-cot x+c
T+x

[ d _ 1 d _ 1
—(tan"'x) = 5 —_(cot x)=- 2]
| dx 1+x° dx 1+ x

=sec ' x+c=—cosec 'x+c

s

|:d(sec1 X)= # i(cosec’1x) = —1}
dx

xyx2—1 dx xVx2 =1

22.2.2.1 Some Standard Results on Integration

21. |

22,
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28.

. X 1 X
=sin —+C=—-C0S —+C

a a

. d ( | X) 1
since —|sin  — |=—F/F—
d a aZ _X2

X 1 X
=—-tan '—+c=——-cot —+c
a a a

X 1
——-coth"Z4+c=—:In
X —a a a 2a

dx 1
_[ = +c¢, x>a
x+a

dx 1 X 1
J.ﬁ=—f-tanh —+c=—:-In
-X a a 2a

1 X
nix+vx?-a?|+c=cosh™ Z+c

a

. 1 X
x+Vx2+a?|+c=sinh "2 +¢

a

a+x

+c, x<a
a—x

dx 0
N
J.idx =In

Vx2+d?

2
X a . 1 x
J.\/az—x2 dx:—\/az—x2+—5|n e
2 2 a

2

29. J.\/x - dx—f\/x —a —%In

2

30. x? +a? dx—— X“+a +a—ln
Jbe Virates

Key points:

1. The signum function has an anti-derivative on any interval
which does not contain the point x = 0, and does not possess
an anti-derivative on any interval which contains the point.

2. The anti-derivative of every odd function is an even function
and vice versa.

lustration 22.1 AN RS

x+Vx2—a?|+c
X+\IX +a +C

smx
Solution:
J- sinx _J sinx 1 sinx) _J-sinx—sinzxdx
1+sinx 1+5|nx (1-sinx) cos? x

= J(secx-tanx—tanz x)dx

:J(1—sec2x+secx~tanx)dx =x—tanx+secx+c

iustration 22.2 LRI SR
x(x +1

Solution:
2 2
J(x-|2-1) d :J(X +22x+1)dx
x(x“+1) x(x“+1)
X2 +1
_'[ x(x +1 ‘[ x +1
—j dx + J. =Inx+2tan" x+c
(x +1)

a3 +bx’+c
lilustration 22. [T CARLRE

X
Solution:
3 2
JLZXWXZJ(L%%)C,X_alnx_é_L”
X X X X x 3x3

" T+x+Vx+ x2
Illustration 22.4 JEVEIVELS Jﬁdx.
X +1+x

Solution:
J-1+x+ X+ x2 JH(J_+\/F)
\/—+\/: Ix+x+1

3

=IVX+1dx:§(x+1)5+c

m Evaluatej(sin4 x —cos? x)dx.

Solution:
I(sin“ x —cos? Xx)dx :J.(sin2 x —cos? x)(sin2 X + cos? X)dx

2

1
:J.(sinz X—Cos” x) dx = —J.c052xdx = —Esin2x+c



Illustration 22.6 EvaIuateJ. 1+sin(%) dx

Solution:

_[ 1+5|n( )dx 'f\/sinz(g)+cosz(;)+25in(g)cos(g) dx

“hflerel)] o

) (x) (x) cos(x/8)  sin(x/8)
=_[ sin| = [+cos| — || dx=— + +c
8 8 1/8 1/8
= 8[sin(x/8)—cos(x/8)]+c
[lllustration 22.7 [SEINCENERC
2x+1)
Solution:
J' J‘2X+1
2x+1 2x+1
:J dx—f ! 2dx
(2x+1) (2x+1)
:lln\2x+1\+ +c
2 22x+1)

Illustration 22.8 JAYEIVELS Jsm x - cos’ X

sm X- COS X
Solution:

,( sin® x —cos? x

2

— dx:jseczxdx—Jcoseczxdx
sin” x-cos” x

=tanx+cotx+c

(I KM Evaluate J(3cosec2x+2sin3x)dx.

Solution:

2
f(3cosec2x+25in3x)dx = —3cotx—§cos3x+c

1
Illustration 22.10 JAEIVELS fidx
N1+ x+ \/;

Solution:
_[ 1 dx:j (V1+x— \/—
i+ x++/x N1+ x +x)- 1+ x - \/—)
X+1)3/2 (x)2
—_[(\/1+x Jx)dx = R 7/ R 7
=§[(x+1)3/2 021+ ¢
' Your Turn 1

o[ g
sin(x —a)

(A) xcosor—sinalInsin(x—a)+c¢

(B) xcosa+sina Insin(x—a)+c

4

(C) xsinx—a —sina Insin(x —a)+c¢

(D) None of these

COSX —
2. |
cosx+1

(A) 2tan§—x+c

1
(C) —ftan5+x+c
2 2

1
3. dx =
J‘1—sinx
(A) x+cosx+c
(C) secx—tanx+c

4, If f(sian —cos2x)dx = %sin(Zx —a)+b, then

V4
A) a=—,b=0
(R) 2
V4
B) a=——,b=0
(B) a= 7
(@) a—sf =any constant

5
(D) a= T b =any constant

3,4
5. J1+x+47+47+47+.
1 1 41
(A) —e*+c
(C) e *+c
J~cotx tanx _
sec” x—1

(A) cotx—x+c
(C) cotx+x+c

2
7. _[(secx+tanx) dx =
(A) 2(secx+tanx)—x+c

(C) secx(secx+tanx)+c

8. J’xm(tan_1 x+cot™ " x) dx=

52

(A) Z—(tan ' x+cot™ ' x)+
52

IZ'X52 T

+=+c¢

C
© 104 2

9.jsgnxdx=

(A) 5cosx+c

(C) 5sinx+c

C

Jas-

Ans. (B)
(B) ltani—x+c
2 2
(D) —2tan§+x+c
Ans. (D)
(B) 1+sinx+c
(D) secx+tanx+c
Ans. (D)
Ans. (D)
(B) e +c
(D) —e ¥ +c
Ans. (B)
(B) —cotx+x+c
(D) —cotx—x+c
Ans. (D)

(B) %(secx+tanx)3+c
(D) 2(secx+tanx)+c
Ans. (A)

%52 ! :
(B) —(tan™'x—cot™ 'x)+c¢
52

IZ'X52 T

+=+c¢

D
()52 2

(B) —5cosx+c

(D) —5sinx+c
Ans. (B)
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