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Column Matrix Examples:
A matrix having only one column is called a column matrix. 300 a 0 0
Examples.‘ (a) 0 4 0 (b) 0 a, 0
- 6 005 0 0 a,
(@) ®) |1 _
3 4 Scalar Matrix
4] A square matrix A= [aij] is called a scalar matrix if
1 imXn
a, () a;=0,Vi#j and
©) |a; (ii) a,=c for all i, where ¢ #0
i.e. a diagonal matrix in which all the diagonal elements are
4 equal is called a scalar matrix.

- k0O -0

Null Matrix or Zero Matrix 10 k - 0
Example: I .
A matrix which has all its elements zero is called a null matrix. P :
Examples: 00 0 &
[0 0 It can be written as dia(kk...k).
@ |, 0] (®) [0],
- 2x2 ) Unit or Identity Matrix
A square matrix each of whose diagonal elements is unity
00..0 and each of whose non-diagonal elements is equal to zero is
) |m 0 0 0 called a unit matrix.
0 0 0 1 00
—_— Example: 010
) - 00 1

Square Matrix Note The identity matrices of order » are denoted by 7,

A matrix in which the number of rows is equal to the number .
of columns is called a square matrix. It is denoted by I,4 Transpose of Matrices

(where 7 is the size of the matrix). If A=[aj],x,» then the transpose of 4, i.. AT or A'= [ Lsim-

Examples:
4 3
@« by E. le: If A 4 > then A" =|7 6
xample: If 4= ,then AT = )
@ [2] ®|x ¥z P 36 8
a b c |, 58
ay a, - a, Properties of transpose of matrices
Ay Gyy 0 Gy, 1. (AT)" =A, i.e. the transpose of the transpose of a
© : P matrix is the matrix itself.
Ay Gpy o Ay | 2. (A+B)" =A" +B’, i.e. the transpose of the sum of
two matrices is the sum of their transposes.
Note 3. (kA)" =kA” (k is a scalar).
® @y, 03, dy, are called the elements of the 4. (AB)" = B" A", i.e. the transpose of the product of two

principal diagonal.
e A square matrix is a singular matrix if its determinant
is zero, otherwise it is a non-singular matrix.

matrices is the product in reverse order of their
transposes.

Equal Matrices
Diagonal Matrix

. . Two matrices are said to be equal if
A square matrix whose all the non-diagonal elements are zero,

: SN . . (i) they are of the same order
ie. a;=0,Vi#j, is called a diagonal matrix. It can be  (jj) the elements at the corresponding positions of the two
written as dia (a;,4a;, ...4,,). matrices are equal.
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. k+5 2m+k| |-k-3 0
Illustratlonl.IfI:n_2 4p—6]=[ 5 3p],thenﬁnd
k, m, n,p.

Solution: Two matrices are equal,

. k+5=—k-3 = 2k=-8 = k=-4
n—2=5 = n=7
4p-6=3p = p=6
2m+k=0 = 2m-4=0 = m=2

(kamana P) E(_4a 25756)
Symmetric Matrices
They are of two types.
Symmetric matrix

A square matrix A= [aij] is called symmetric if [a;]=[a]
for all i, , that is, if 47 = 4.

2 1 7
Example: |1 3 ¢

795
Skew-symmetric matrix

A square matrix A= [a,.j] is skew symmetric if a; =—a,, for
all i, j, that is, if AT = 4.

0 1 2
Example: | -1 0 3
-2 30

Illustration 2. Any square matrix 4 is skew symmetric
P T PR
& a;=-a,;Vi,j e (A)=-(A"),Vij
L A = —AT (=4 AT = —A
Note Thus, a square matrix A4 is a skew-symmetric matrix
iff AT=-A.
Upper Triangular Matrix

A square matrix whose all the elements below the principal
diagonal are zero, i.e. a; =0, Vi> j, is called an upper

triangular matrix.

5 4 3 2 5 6 8
2 1 5
0 6 1
Examples: (a) (b)
00 2 00 3 2
0 0 0 4

Lower Triangular Matrix

A square matrix whose all the elements above the principal
diagonal are zero, i.e. a; =0,Vi< j, is known as a lower
triangular matrix.

4 000

3200
Example:

5170

6 2 31

Orthogonal Matrix
A square matirx 4 is called orthogonal if AA" =ATA=1

= |AAT|=|1]

= |a]|aT|=1

= 4] =1 (o Al=-4)
= |A|=+1

Example: A= 3 4
2 3

Note If |A

, 1.e. det(A) =1, then the matrix is called proper.

Conjugate Matrices
If A=[a,], then A=[a,].

243i 1+i I 2-3i
2 5 12

If ATA=1 , then 4 is called a unitary matrix.

1—i
Example: A= [ I:I
=5i

Unitary Matrix

1+2i] , ,
.| 1s a unitary

+i 1-i
2+i o T 1-i 2—i
1—i Tl1-2i 1+i
NOWFA—I:I_i

2-i[1+i 1+2i] [1 0 _;
1-2i 1+ill2+i 1-i| |o 1|

So 4 is a unitary matrix.
If a square matrix is 4 such that A" = A, then 4 is called a
Hermitian matrix.

1+
Illustration 3. Show that A=[2 !

matrix.
1+

Solution: A7 =
1+2i

Hermitian Matrix

a+ib
ptiq
a—ib p—iq n

l x+1iy

Illustration4. If A=(x—-iy m

show that it is a Hermitian matrix.



CLASS XII | ST. LAWRENCE HIGH SCHOOL

PAGE - 6
[ 1 x—iy a-ib] 2 -2 —4
Solution: (A")=|x+iy m p-ig Illustration 6. Show that the matrix A=|-1 3 4 |is
la+ib p+ig n | 1 -2 -3
~ i idempotent.
l +i +ib
= o rTya . 2 2 4] [2 2 4
= —_ + =
- (A=x ’Z moorTd Solution: A>=A-A=[-1 3 4|x|-1 3 4
, L4 P 12 3|12 -3
Hence, 4 is Hermitian. ) s 4
Note The diagonal elements of a hermitian matrix are -
necessarily real. =|-1 3 4 (=4
1 -2 -3

Skew-Hermitian Matrix
A square matrix 4 = [a;] is said to be a skew-Hermitian matrix
if a;=—a,,Vi,j,ie. AT=-4.

[ 2i  —2-3i]
Illustration 5. If 4= . .
[2-3i —i
show that it is a skew-Hermitian matrix.
) [ 2i  —2-3i]
Solution: A= . .
[2-3i —i
AT = 2i 2-3i
-2-3i -
— —2i 2430
= A = . .
—2+3i i
20 2-3i
=— = _A
2-3i —i
Note

e The diagonal elements of a skew-Hermitian matrix are
either purely imaginery or zero.

e Every square matrix (with complex elements) can be
uniquely expreseed as the sum of Hermitian and skew-

Hermitian matrices, i.e. A= %(A + F)+ %(A—F) .

Submatrix

A submatrix is obtained by deleting some rows and columns.
2356|2356

Example:  A=|5 7 1 0|=|5 7 1 0
211 7 2117

7
= Submatrix of A=|:5 . (7)]

[\

Idempotent Matrix

A square matrix 4 is called idempotent if it satisfies the relation
A*=A.

So, 4 is idempotent.

Periodic Matrix

A square matrix 4 is called periodic if A**' = A, where kis a
positive integer. If k is the least positive integer for which
A¥"' = A, then £ is said to be the period of 4. For k = 1, we
get A> = A and we call it to be an idempotent matrix.

Nilpotent Matrix

A square matrix 4 is called nilpotent matrix of order m
provided it satisfies the relation 4= 0 and 4" # O, where k
is a positive integer and O is a null matrix and £ is the order
of the nilpotent matrix 4.

1 1 3
Ilustration 7. Show that [ 5 2 6 | is a nilpotent
-2 -1 -3
matrix of order 3.
1 1 3
Solution: Let A= 5 2 6
-2 -1 -3
1 1 3 1 1 3
A’=A-A=[5 2 6|x|5 2 6
-2 -1 3| |2 -1 -3
1+5+6 1+2-3 346-9 ] [0 0 O
=|5+10-12 5+4-6 15+12-18|=|13 3 9
-2-5+6 -2-2+3 —6-6+9 | |-1 -1 -3

0 0 0][1 1 3]

A*=A%A=|3 3 9Ix|5 2 6
-1 -1 3| |2 -1 -3
000
=[o 0 0]|=0
000
A*=0 ie. A*=0

Hence k= 3. So, 4 is nilpotent of order 3.
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Involutory Matrix

A square matrix A4 is called involutory provided it satisfies
the relation A> =1, where I is the identity matrix.

-5 -8 0
Illustration 8. Show that the matrix | 3 5 0| is
1 2 -1
involutory.
-5 -8 0 -5 8 0
Solution: AZ=A-A=[3 5 0|x[3 5 0
1 2 -1 1 2 -1
100
=[0 1 0f=1
001

Hence the given matrix A is involutory.

=~ ADDITION OF MATRICES

If A[a;] and B[b,] are two matrices of the same order, then
A + B is a matrix, each of whose element is the sum of the
corresponding elements of 4 and B. For example,

A+B=[a,+b,]

2 4 3
Illustration 9. If A=[a b C] and B=[7 5 1:I,find

p q r
A+ B.

b 2 4 3
Solution: If A= a ¢ and B=

p q r 7 5 1
a+2 b+4 c+3
A+B=
p+7 g+5 r+l

(=~ PROPERTIES OF MATRIX ADDITION

If 4, B and C are three matrices of the same order mxn and

A= [a,.j ] ,B= [b,.j ], C= [c,.j ] , then the following properties

hold in matrix addition:
1. Commutative law
2. Associative law
3. Distributive law

ie.A+B=B+ A4
ie.A+(B+C)=UA+B)+C
ie. k(A + B)=kA + kB
(where £ is a scalar)
4. Additive identity ie.A+O0=4=0+4
5. Additive inverse iee.A+B=0=B+ A4
Here B is the additive inverse of the matrix A or the
negative of 4.
6. (i) Left cancellation law, i.e.
A+B=4+C = B=C
(i) Right cancellation law, i.e.
B+4=C+4 = B=C

7. The equation 4 + X = 0 has a unique solution X = -4,
where X has the order mxn.

2 3 21
INlustration 10. If A=|5 2|,B=|5 2| and 4 + B-2D
8 9 89

=0, then find D.

1
Solution: Given 4 + B_2D=0 = D=E(A+B)

[2 3 21

p=1ls 2f+1fs 2

2_89 89

[4 4 22

= p=1l10 4|=|52
2_1618 89

=~ SUBTRACTION OF MATRICES

If A[a;] and B[b;] are two matrices of the same order, then
A_Bz[“ij —b,j].

- PROPERTIES OF MATRIX
SUBTRACTION

The properties of matrix subtraction are the same as those of
addition.

Illustration 11. Solve the following equation for x and y:

330 4 1 5
2x—y= and 2y +x=
33 2 -1 4 4
) 3 30
Solution: 2x—y=
3 3 2
Multiplying both sides by 2, we get
dr_2 6 6 0
x=2y= .
Zl6 6 4 M

(i)

-5 5
10 0O

Giv 2y = L
x+ =
ven y 1

From (i) + (ii), we get

6 6 0 4 1 5 10
Sx= + =
6 6 4| |[-1 4 4 5
2 -1 1
= x=
1 2 0
Putting the value of x, in Eq. (ii), we get

21 1], [41 5
1 2 o "7|-14 -4
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2
5. |adj(adj A)| = |A|("_1) (4 is a non-singular matrix)

6. Adjoint of a diagonal matrix is a diagonal matrix.

=~ INVERSE OF A MATRIX

Let 4 be a square matrix of order . If there exists a matrix B
such that 4B =1I,= BA, then B is called the inverse of 4 and is

denoted by 47! (read “4 inverse”).

=" TWO THEOREMS RELATED TO
INVERTIBLE MATRIX

1. Every invertible matrix possesses a unique inverse.

Proof: Let 4 be an invertible matrix of order n x m. Let

B and C be two inverse matrices of 4

Then AB=BA =1,
and AC=CA=1, (ii)
Now, 4B =1,

= CUB)=CI, = (CA)B=CI,

(by associativity)
[ CA =1, by (ii)]
[ I,B=B, CI,=C]

Hence, an invertible matrix possesses a unique inverse.

= I.B=CI,
= B=C

2. A square matrix is invertible if and only if it is non-

singular.

Proof: Let 4 be an invertible matrix. Then there exists

a matrix B such that
AB=1,=BA =
= |A||B|=1

= |A| #0 = A4 is a non-singular matrix.

|AB|=||

(=" A METHOD FOR FINDING THE INVERSE

OF A MATRIX

Let 4 be a non-singular square matrix of order n. Then
A(adj 4) = |A|1, = (adj A)4

1 1
= Al —adjA |=1,=|—adjA |A
(IAI ] (IAI ]
1

= AT '=—adjA
4]

[by definition of inverse]
(=~ MORE RESULTS TO INVERSE OF A
MATRIX

If A4, B and C are non-singular square matrices, then
1. i) AB=AC = B=C
(i)BA=C4 = B=C

(- [4B|=]a 3]

2. (AB)'=B"'A"" in general
(ABC...Z)' = z7ly'...B7'A™!
3. (AT)—1=(A—1)T
— -1 —\T
4. (AT) =(A“)

5. Inverse of a non-singular diagonal matrix

l 0 0

x 00 *
IfA=|0 y O] (and |A|¢0),then Al=|0 1 0
0 0 z Y 1
0 0 -
| 7]

(- FINDING THE INVERSE OF A SQUARE
MATRIX BY USING ELEMENTARY ROW
TRANSFORMATIONS

For a 2 x 2 Matrix

Step I. Make a;; = 1 by operating either R _>LRl

all

(if a,#20) or by R, < R,. In case of 0, then first operate
R, < R, and then

R - LRl (if need be).

11

Step II. Make a;, =0 by the operation R, — R, —a,,R, .

Step III. Make a,, = 1 by the operation R, — LR2 .

ay

Step IV. Make a,, = 0 by the operation R, — R, —a,,R,.
For a 3 x 3 Matrix

Step I. Make a;, =1 either by operating R — L (if q, 20)
all
or by operating R <> R, or R < R, and then R — 1 R,
ay
(if need be).
Step II. Operate R, — R, —a,,R, and R, — R, —a,,R, to obtain
a, =a, =0.
Step III. Operate R, —>LR2 (if a,#20) or R, &R,
ay

following by R, — LR2 (if need be) to make ay, = 1.
a22

Step IV. Operate R, — R, —a,,R, to make a3, =0.

Step V. Operate R, — LR3 to make a,, = 1.

33
Step VI. Operate R, > R,-a,,R, and R — R -a,R, to
make a,, =a,, =0.
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1 —tan@ 1
1. If tan @ 1 —tan@

(@ a=1,5b=1
Ans. (b)
Solution: Since

1 —tan @ 1
tan @ 1 —tan @

SOLVED PROBLEMS

tan 8

| -[;

|

a
b

-b
, then
a

(b) a=co0s26, b=sin260
(¢) a=sin26, b=cos268 (d) none of these

4

- 1 —tané 1 —tanH a
tan@ 1 [{+tanZ@ tan9 1 | |b a
- 1 l1-tan’0 —2tan8 a b
1+tan’ 6| 2tand 1-tan’8| |b a
[1—tan’9 —2tan®
1+tan*@ 1+tan’@| |a —b
= =
2tand 1—tan’@| |b a
| 1+tan’@ 1+tan’@
[cos20 —sin28] [a -b
=3 =
_sin29 cos26 b a

a=cos26, b=sin26

2. The inverse of a skew-symmetric matrix of an odd order
is
(a) a symmetric matrix
(c) diagonal matrix
Ans. (d)
Solution: Let 4 be a skew-symmetric matrix of order ».
By definition 47 = -4

(b) a skew-symmetric matrix
(d) does not exist

= |AT|=|—A| = A=
= |A|=—|A| [+ nis odd]
= 214=0 = |A]=

A" does not exist.

3. Let 4 be a non-singular square matrix. Then |adj A| is

equal to
(d) none of these
Ans. (b)
Solution: Since 4 is non-singular
A7 exists

Now, A(adjA)=|A|I =(adjA)A
|Alladj A|=[A[" =[adj A]|A]
|adjA|=|A]""

=

4. If A and B are two non-zero square matrices of the same

order such that the product AB = 0, then
(a) both 4 and B must be singular
(b) exactly one of them must be singular
(c) both of them are singular
(d) none of these

Ans. (¢)

Solution: If possible assume that 4 is non-singular, then

A" exists. Thus,
AB=0 = A'(AB)=(4"'A)B=0
= IB=0 or B=0. A contradiction.

5. If x+y+z=6,x—y+7z=2,2x+y—z=1,thenx, y, z
are respectively

(@ 3,21 (b) 1,2,3
() 2,1,3 (d) none of these
Ans. (b)
1 1 1]=x 6
Solution: 1 -1 1{yl|=|2
2 1 -1)z 1
Let AX=B = X=A"'B (i)
1 1 1
Now, A=1 -1 1
2 1 -1
1 1 1
|A|l=D=[1 -1 1
2 1 -1
Applying R, > R, —R, and R, - R, —2R,
1 1 1
= |Al=D=l0 -2 0[=6%0
0 -1 -3

i.e. matrix 4 is non-singular.
We will have a unique solution and the equations
are consistent.

02 2
Now, A™'=adjA+|A]==[3 -3 0
31 2
o L 1 o L 1
3 3 s 33 g
11 1 1
A'=|2 = 0 == = o2
= 2 2 1712 72 1
L Y L |
2 6 3] 2 6 3
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6.0+3+l
X 6 3.3 1
= y|= 5—14‘0 =(2
¢ 6 1 1 3
_+___
| 2 3 3 |
x=1y=2,z=3
6. The value of x for which the matrix
2 0 7 —x l4x Ix
A=|0 1 0] istheinverse of B=| 0 1 0
1 21 x —4x 2x
is
1 1
a) — b) —
(@) 5 (b) 3
1 1
c) — d) —
(© 2 (d) 5
Ans. (d)
5x 0 0 1 00
Solution: We have AB=| 0 1 0l=]10 1 O
0 10x—-2 5x 0 01
1
= x==
5
cosa —sina 0
7. Let F(a)=|sina cosa 0], where @ € R. Then
0 0 1
[F()]! is equal to
(@) F(-a) (®) F(a™)
() FQa) (d) none of these
Ans. (a)

Solution: Now,
cosa sina O
—sina cosa 0

cosa —sina 0
F(ao)F(-a)=|sina cosa 0

0 0 1f o 0 1
[1 0 0
F@F(-a)=[0 1 0f=1I
0 0 1

F(-o) =[F(a)1"

. _
8. 16 a=|® "|and 42=[% P then

b a |8 «
(@ a=a*+b*,f=2ab (b) a=a*+b*,B=a’-b"

(©) a=2ab,ﬁ=a2+b2 (d) a=a2+b2,ﬁ=ab

Ans. (a)
Solution: We have

e[ blla b =—az+b2 2ab | | Jij
b afb a] | 2ab b +a*| |B «

= a=a’+b* B=2ab

9. If EO) =[ cosé SO | en E@E(B) is equal to
—sinf cosd |
(a) E@") (b) E(of)
(c) E(a+p) (d) E(a-p)
Ans. (¢)
Solution: Since E(6) =[ co.se sin B:I
—sinf cos@
& E@)E(B)= [ co.sa sin a][ co.sﬁ sin ﬁ]
—sina cosa ||-sinf cosf
_| cos(a+B) sin(a+B)
= E@Ep)= [—sin(a+ﬁ) cos(a+ﬁ)]

E(@E(p)=E(a+p)
al bl cl
10. If A=|a, b, c,|#0, then the system of equations
a; by ¢
ax+by+cz=0, a,x+byy+c,z=0
and a,x+b,y+c,z=0 has
(a) only one solution
(b) infinite number of solutions

(c) no solution
(d) more than one but finite number of solutions

Ans. (a)
Solution: Note that 4 is invertible as |A| #0.
Now, AX=0 = A'(AX)=0
A'AX=0o0or IX=0o0rX=0
x=y=2z=0 is the only solution of the system of
equations.

=

300
11. If A=|0 3 0|, then A’ +3A equals
003

(a) 185 (b) 84
(c) 124 (d) none of these
Ans. (a)
300
Solution: A=(0 3 0(=3/;
003
A’ =9I,=3A

A’ +3A=3A+3A=6A = 6x31,=18I,
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12. If A=[ (1/12) (1)] then 4'% is equal to
(@ [510 (1) ®) [(1/21)100 (1)]
© [215 8: (d) none of these
Ans. (2) _
Solution: Azz_(l/lz) (1)][(1/12) (1)]=[2(11/2) (1)]

3 _ o, | 1 0)ff 1 O0f [ 1 O
rea A_[2(1/2) 1][(1/2) 1]_[3(1/2) 1]

Continuing in this way, we get

AL00 _ 1 o[ |1 0
“1100(1/2) 1| 150 1

1 -5 7
13. If A=| 0 7 9/, then the trace of matrix 4 is
11 8 9
(a) 17 (b) 25
(c) 3 d 12
Ans. (a)

Solution: We know that if 4 = [a;] is a square matrix of
order n x n, then trace of 4 is the sum of all diagonal

elements.
= tr(A) =) a;
i=j
1 -5 7
If A=|0 7 9|,thentr(d)=1+7+9=17.
11 8 9

14. If 4 and B are square matrices of order 3 such that

|A|=-1, |B|=3, then the determinant of 34B is equal
to
() -9 (b) 27
(c) -81 (d) 81
Ans. (¢)

Solution: det(34B) = 27 det(4B)
[+ order of 4 = order of B = 3]

= 27|A||B|=27(-1)(3) =-81
—4 .
1] , then the value of X" is

15. If X =[3
1 -
3n —4n 24+n 5-n
@) n -n (b) n -n
(d) none of these

3” (_4)”
olr o]

Ans. (d)

Solution: For n =2
2+1
2ox.x=3 43 [ Bl 1rexd D
1 -1ff1 <1[7]2 3 2 1-(2x2)
Forn =3
3_v2 |5 8|3 4] _[7 -16]_
X=X X‘[z —3][1 —1] [3 —5]_

N Xn=[1+2n (—2)”“]

1+2x3) (2"
3 1-(2x3)

n 1-2n
So, option (d) is correct.
P 0 O
16. A=|0 Q O
0 0 R 3x3
numbers, then 47! equals
1 1
(@) PQR]3 (b) PQRA
| /P 0 0 e 0 0
c —=|0 /e 0 @0 1/Qe 0

POR
0 0 1/R 0 0 1/R

, where P, Q and R are non-zero real

Ans. (d)

Solution: For the given matrix 4, |4| = POR and
QR 0 O

0 PR O

0 0 PO

adjA =

1
Al'=—(adjA

|A|( jA)
P 0 0
0 1/Q 0
0 0 1R

{ QR 0 O
=——| 0 PR 0 |=
POR| 4 o po
Shortcut method:

In a matrix A=lay] (i.e. 4 is a square matrix), if

mXm
a; #0,Vi=j and a;=0,Vi# j, then to get A7 only
write the reciprocal entry of a; at that place where it

exists.
/P 0 0
A=l 0 1/ 0
0 0 1/R

17. If A and B are two square matrices such that
B=-A"'BA, then (A+ B)? is equal to

(a) A*+ B? (b) 0
(c) A>+2AB+B? (d A+B
Ans. (a)

Solution: As B=-A"BA, we get AB=-BA or AB+BA=0
Now, (A+B)*=(A+B)(A+B)=A>+ AB+BA+ B’
= A’+0+B*=A’+B’



Lo be continued ...

Prepared by -

SANJAY BHATTACHARYA, (Asst. Teacher)
SUKUMAR MANDAL, (Asst. Teacher)
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