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Additional Solved Examples

1. x-'i cosec 20° - sec 20° = .
(A) 1 (B) 2
(C) 3 (D) 4

Solution:

A
4. E::r:ns 20° - lsin}'_ﬂ”
sin60" cos 20° — cos 60" sin20°
25in20%cos20° sind0°
=4
Hence, the correct answer is option (D).

2. tanA+2tan2A+4tan4A+ 8 cot 8A= .
(A) cotA (B) tan 6A
(C) cot4dA (D) Mone of these

Solution:
tanA+2tan2A + 4 tan4A + 8 cot 8A
1-tan’ 4A
2tan4A

=tanA + 2tan2A + 4tand4A + 8

1-tan’ 24
2tan2A

=tanA+2tan2A+4cotdA=tanA+2tan2A+4

1—tan2,ﬂ.

=tanA+2cot2A=tanA+ ———— =cot A
tan A

Hence, the correct answer is option (A).

3. The value of sin 12°.5in18°.5in54° = .
(A) 1/8 (B) 1/6
(C) 1/4 (D) 1/2




Solution:
sin 12°-s5in48°-sin54°

1 o 1.
:5[cos36°—cos60°]sin54°: {cos36°sin54 —Esm54°}

N | =

:%[2c0536°sin54°—sin54°] =—[sin90° +sin18° —sin54°]

PR

1
—[1—(sm54°—5|n18°)]—4 [1-25in18°c0s36°]

=1[1_
4

_l[1_25in36°cos36°]_ 1 [1

) sin18°cos18°c0536°]_ 1 [1
4

B sin36°cos36°
cos18°

sin72° [ 1 1_1 _l
2sin72° | 4 2] 8

cos18°

4 2c0s18° 4

Alternative Method
Let #=12°

sin12°sin48°sin72°sin54°
sin72°
sin(36)°sin54°
85|n(36) cos(36)°

sin 12°-5in48°-sin54° =

sm(3 12)°sin54°
4sin72°

c0s36° 1

1
" 8cos(36° 8 8

Hence, the correct answer is option (A).

4. If sin@=3sin(6+ 2a), then the value of tan (6+ &) + 2 tan« is
(A) O (B) 2
Q) 4 (D) 1

Solution: Given sin @ =3 sin (6+ 2¢). Now

sin (6+ a— a) =3sin (6+ o+ )
= sin (6+ @) cosa— cos(6+ o) sina
=3sin (6+ ) cosa+ 3cos (6+ o) sina
= -2sin (6+ @) cosa=4cos (6+ o) sina
—sin(@+a)  2sina
cos(@+ ) " cosa
=tan(f+ ) +2tana=0

Hence, the correct answer is option (A).

5. The minimum value of 3tan26+ 12 cot?8 is

(A) 6 (B) 8
(C) 10 (D) None of these
Solution:
AM.>2GM= % (3tan26+12 cot?20) > 6

= 3 tan? #+12cot28 has minimum value 12.
Hence, the correct answer is option (D).
6. Prove that 3(sinx—cosx)* + 4(sinx — cos®x) + 6(sinx + cosx)2=13.

Solution: Let t,, t,, t; denote the three expressions on the left.

t, = 3[(sinx— cosx)2]2 = 3(sinx + cosx — 2sinx cosx)?

=3(1 — 2 sinx cosx)? = 3(1 + 4sin%x cos2x — 4sinx cosx)

t, =4(sin®— cos®x) = 4(sin%x + cos2x) (sin*x + cos*x — sin?x cos2x)
= 4[(sin’x + cos%x)?
=4(1 — 3sin’x cosx)

ty = 6(sin?x+ cos2x + 2sinx cosx) = 6(1 + 2 sinx cosx)
Therefore, t, +t,+t;=3+4+6=13

— 2cos2x sin?x — sin’x cos?x]

237 557 7
7. Prove that sin? % +sin? 2% 4 sin? 2% 4 sin2 X =2,
8 8 8
Solution:
. I ( )
sin — =sin —5|n—
8
57 ( 371') 3z
sin = =sin| 7 ——— |=sin=—
8 8 8
. 3 . T T
sin — =sin — |=cos—=
8 2 8 8
So we have

7 .
sin2£ + sin23—” + sinzs—” + sinz—ﬂz 2(sm
8 8 8 8

=2 sin2£+coszz =2
8 8

8. Prove the identity:
(cosA + cosB) (cos2A + cos2B) (cos2?A + cos22B) -
(cos2" A—cos2"B)
2"(cosA—cosB)

2 37[)
—+sin“ —
8 8

(cos2"1A

+cos2™1B) =

Solution:

(cosA—cosB)(cosA+cosB)=cos2A—cos?B = —[(1+ cos2A)—(1+ cos 2B)]

(cos2A—cos2B) (1

N\—\ N\a

Therefore,
(cosA — cosB) (cosA + cosB) (cos2A + cos2B)

= % [(cos2A — cos2B) (cos2A + cos2B)] = iz (cos22A — cos22B)

Therefore,
(cosA — cosB) (cosA + cosB) (cos2A + cos2B) (cos22A + cos22B)
Proceeding in this manner, we get

(cosA —cosB) (cosA + cosB) (cos2A + cos2B) (cos2?A +cos22B) ---
(cos2"~ 1A+ cos2"~1B)

1
= z—n(cosz”A—cosZ”B)

Hence, the given identity follows.

in8A
9. Show that ;m A =cosA+cos3A+cos5A+cos7A
sin

Solution:

R.H.S. = (cosA + cos3A) + (cos5A + cos7A)
= [cos(2A — A) + cos(2A + A)] + [cos(6A — A) + cos(6A + A)]
=2c05A-c052A + 2C0sA-cos6A
=2c0sA[cos(4A—2A) +cos(4A+2A)]=2c0sA-2cos2A-cos4A
_ (2sinAcos A)
~ sinA
_ (2sin2A-cos2A)-cos4A
B sinA

-2C0s2A-cos4A

_sin4A-cos4A  sin8A
2sinA

sinA

V4 V4
10. Prove that cos2x + cos? (—+x) — cosx cos(—+x) is inde-
pendent of x. 3



Solution:

5 (7 /4
COS“X + COS §+x —Cos §+x Cosx
=l 2c052x+2cosz(£+x)—2cos(£+x) Cosx
2 3 3
:;(Hcos(z;[+2x)+1+c052x—2cos(§+x)cosx]

:1 2+cos £+2x +c052x+cos£—cos z+2x
2 3 3 3

1 1 T V.3 V4 . 7 1
=—|2—-=+2cos| —+2x |cos——cos| —+2x | [ since cos—=—

2 2 3 3 3 3 2

3.1 V.4 1 V.4 3
=—+4+—C0S| —+2Xx |-—cos| —+2x |=—

4 2 3 2 3 4
and this does not contain x. Hence proved.

4 . 4 4 . 4
11. If COSZ X + sz X_ 1, then prove that COSZ y +y =1
cosy sin“y cos” x sin“x
Solution: The given condition is
cos?x siny + sin®x cos?y = sin?ycos?y
=sin?y(1 —sin?y) = sin?y —sin%y (1)
Therefore,
sinty =sin?y (1 — cos*x) — sinx cos?y
=sin?y (1 — cos?x) (1 + cosx) — sin“x cos?y
=sin?y sin?x (1 + cosx) — sin“x cos?y
Hence,
sin? y
3 =sin2y+sin2yc052x—coszysinzx (2)
sin® x

Similarly, on the R.H.S. of Eq. (1), replacing sin?y by 1 — cos?y and
simplifying as shown above, we get
cos*y

COS2 X

= cos? y+ cos? y sin® x — cos? x sin? y (3)

By adding Egs. (2) and (3), we get the desired result.
12. Prove that:

1. tanA + cotA=2cosec2A
2. cotA—tanA=2cot2A

Deduce that tanA + 2tan 2A + 4tan 4A + 8 cot8A = cot A and
more generally
tanA+2tan2A+22tan22A+---+2""1tan2"~ 1 A+ 2" cot2" A

=cotA
Solution:
2
1. tanA+cotA=tanA+;=w
anA tanA
_ sec? A _ 2

=2cosec2A

~ tanA  2tanAcos’A Sin2A

cosA _ SinA cos? A—sin’ A _2€0s2A

2. cotA—tanA=— =— - =2cot2A
sinA  cosA sinAcosA sin2A
Therefore,
tanA = cotA — 2cot2A (1
tan2A = cot2A — 2cot4A [changing A to 2Ain Eq. (1)] (2)
tan4A = cot4A — 2cot8A [similar change] (3)

Multiplying Egs. (1)-(3) by 1, 2, 22 and adding, we get

tanA + 2tan2A + 22 tan4A = cotA — 8cot 8A
Hence,

tanA + 2tan2A + 22 tan 22A + 23 cot23A = cotA

The general result can be obtained by repeating the above
sequence of steps n times.

13. IfA+B+C=rxand

A+B-C B+C-A A+C-B
tan tan tan =1
4 4 4

prove that sinA + sinB + sinC + sinA sinB sinC=0.

Solution:
1-t ¢
A+B-C 7-2C z C) Ty
tan| —— |=tan =tan| ——— :7C
4 4 4 2 1+tan—
2
cosg—sinE ’
2 2) 1-sinC_ cosC
c0s2C g2 € cosC 1+sinC
2 2
Similarly,
B+C-A 1-sinA  cosA
tan = =
4 CosA 1+sinA
1—si
and _1-sinB_ cosB

(C+A—B)
tan
4

The given condition implies

cosB " 1+sinB

(1—sinA) (1—sinB)(1—sinC)_1 0
CcosA cosB cosC
as well as
( cosA ) ( cosB )( cosC )_1 2
1+sinA 1+sinB J\ 1+sinC

From Egs. (1) and (2), we get
cosA cosB cosC=(1—sinA) (1 —sinB) (1 —sinC)
=(1+sinA) (1 +sinB) (1 +sinC)
Hence,

1 —XsinA+ X sinAsinB—sinA sinBsinC
=1+ X sinA+ X sinAsinB+sinAsinBsinC

Therefore, X sinA + sinA sinB sinC=0.



14. If0< @< % prove the inequality cos(sin8) > sin (cos ).

Solution:
We have sinf+ cos@= /2 sin (0+%) < +/2 since the maximum

value of sin(6+£):1
4
But V2<7/2; (\2is approximately 1.414 and 7/2 is approxi-

mately 1.59). Therefore,

. V.4
sin@ + cosf< —

:>sint9<%—cost9

cos (sind) > cos (%—cosﬁ) since < f= cosar> cosfp
cosine being a decreasing function in first quadrant. That is
cos(sin@) > sin(cos )

15. Iftan(7/4 + y/2) = tan3(x/4 + x/2), prove that

) . (3+sin2xJ
siny = sinx | ———

1+3sin® x
Solution:
Ty 1+tanX
tan(f%): )
4 2 1—tan¥
2

Therefore, from the given condition,

1+tany 1+tan£
2 2
1—tanZ 1—tan£
2 2
X x\?
) (1+tanf) (1—tanf)
2 2
X 3 X 3
) (1+ta —) +(1—tanf)
2 2

a ¢ a-b c-d
N —_—m—_ sy —
b d a+b c+d

Hence,

(1+tanz)—(1 —tan
2
(1+tan%)+(1 —tan

3

N <

N <

3tan1+tan3£
2 2

:>tanX= "
1+3tan’Z
2
3
= tan? = St (wheretanizt)
2 143¢? 2
y 5 3t+t3
LHS = siny = 2tan5 = 1+3t7 _23+t7)(1+3t%)

2 2 2, .4
1+tan2% . 3413 (1+t2)(1+14t% +t)
1+ 3t2

1—tan®t 5> T1—cosx
COSX=——=1"=
T+tan’t 1+ cos x

) 3+(1—cosx) 1+3(1—cosx)
1+cosx T+ cosx
1—cosx 1—cosx 1—cosx 2
1+( ) 1+14( )( )
1+ cosx T+ cosx T+ cosx

2(4+2cosx)(4—-2cosx)

=sinx

=sinx 3 3
((1+ cos x)” +14(1+ cos x)(1—cos x) + (1—cos x)“)
)
=sinxm#=RHS
1+3sin“ x
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