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7. Substitution for trigonometric functions:

dx dx
@ | =
(a+bcosx) 7 (a+bsinx)
1-tan? X 2tan> X
Use cosx:—z, sinx =——2— and put tanizt.

X X
1+tan > 1+tan® =
2 2



N Evaluate | —2 .

(24 cosx)
Solution:
sec’ X
:I dx :J- dx =J- 2X dx

(2+cosx) 1—tan2 X 3+tan? >
2+ 2 2

1+ tan? X

2

Put l.'ami =t.Then lsec"‘ idX =dt.
2 2 2

X
tan—
1_2_[ n_‘[L]H:—tan_‘ +c
G+t2) 3 V3 NE) NE)
d
m Evaluatej—x.
(5+4cosx)
Solution:
;:IL
(5+4cosx)
(1 + tanz i)dx SEC2 1
2 2 dx

'f= =
". 2 X 2 X ‘[ 2 X
5| 1+tan“ — |+ 4| 1-tan“ — 9—tan” —
2 2 2

Put tani = t. Then lsec2 ia')o: = dt.
2 2 2



d, d.
b [ f -~
(asinx+bcosx+c) 7 (acosx+bsinx)
1—tan2£ 2tan£ X
Use cosx = ,sinx = and put tan—=t
1+tan’ > 2

T+tan’Z
2

. b
Or a=rcosar and b=rsinae=r=+va*+b? and e =tan™'=.
a

Solution:

dx
(sinx+cosx+2)

(1+tan21)dx

2

2X + 1—tan2£ +2tan£
2 2 2

X
sec? Zdx
2

Evaluate I

- dx -]
(sinx+cosx+2) (Z(Htan

/:j
(tan2£+2tan£+3]
2 2

1
Put tani =t.Then —sec? idx =dt.
2 2 2

dt dt 2 t+1
Aoy e 5" ()

X
\/_ tan§+1
=/=V2tan"| —&— |+¢
V2
d
llustration) Evaluate [ —— 2
(4sinx +3cos x)

Solution:

I_J- dx
(4sinx+3cosx)

3 4 4
3cosx+4sinx:5(Ecosx+gsinx):5cos(x—a), tanazg

dx

lzfji fJ.secx o)dx f[sec(x a)+tan(x—a)]l+c
5% cos(x—a)
lustration JE=VOTCITY PRE. a—
(1—-sinx —cos x)
Solution:
dx dx
I:J.(1—sinx—cosx):J X 2 X
2tan— 1-tan® —
1- 2 2
1+tan2£ 1+tan2§

[Htanzi)dx
/=f 2

1+tan2£—2tan£—1+tan2£
2 2 2

X
sec® Zdx
2

2tan2£—2tani
2 2

Put tani =t.Then lsec2 idx =dt.Therefore,
2 2 2
dt dt
| = = = —__
I t?—t) I J ( )

t_
I=In(t=1)-Int+c=In|—

|=

1
+c

tan—-1
=/=In +cC
tan—
(© j & 2 I & 7
(a+ bcos” x) (a+ bsin” x)
J- dx J dx J dx
(asin2x+bcoszx+c)' (acoszx+bsin2x)' (acosx +bsinx)?

Divide the numerator and the denominator by sin?x or cos? x and
puttanx=t.

Solution:

dx

Evaluate | ————.
J.(1+2cosz X)

,=J( dx =J(sec2xdx =J~ sec? x dx

142cos? X) sec2x+2) (tan2x+3)

(Dividing the numerator and the denominator by cos? X)
Put tanx=t.Then sec2 xdx =dt.

=l

t +3)
1 4t 1 1[tanxj
|=—tan | —= |[+c=—tan +C
3 (ﬁj V3 3
lustration [ VTN Y PR a—
(3cosx+sinx)

Solution:
I:J' dx ~
(3cosx +sinx)

(Dividing the numerator and the denominator by cos? X)

I:J dx _J sec? x dx

(3cosx +sinx)? - (3+tanx)?

Puttanx =t. Then sec? x dx = dt.



dt 1
= j 3 =— +C
(3+1) (3+1)
1
= +c¢
(3+tanx)
m Evaluate f dx.
Cos3x
Solution:
J~ cosx J~ COS X dx _J~ 1 dx
cos3x (4cos® x —3cos x) (4cos? x—3)

(Dividing the numerator and the denominator by cos? x)

J- sec? x ,[ sec? x
(4- 3(1+tan x)) —3tan? X)
Puttanx =t. Then sec? x dx = dt.
1 1 1
1= —dt=—| dt
(1-3t%) 3 (1_tz)
3
I= 1+\/—t _ |n1+\/§tanx i
2f "o T 2B 1B tanx
lilustration SRR PRE
(4sin“ x+5cos” x+4sinxcos x)
Solution:
d
I:J 2 2X
(4sin” x+5cos” x +4sinxcosx)

(Dividing the numerator and the denominator by cos? x)

sec? xdx

d,
l:.[( 2 2X : :j

4sin“ x +5c0s” x +4sinx cos x) (4tan2x+5+4tanx)

dx
74.[ 1 2
(tanx+fj +1
2
Put tanx +%=t. Then sec? xdx =dt.

dx 1 _1
I — t+c
(2 +1) 4

1 1 1
=—tan | tanx+— [+C
4 2

(d) J-((acosx+bsinx)dx

pcosx+qsinx)
(acosx+bsinx)=

d
l(pcosx+qsmx)+md (pcosx+gsinx)

Compare both side coefficients of sin x and cos x, and calculate the
value of and m.

J- (acosx+bsinx)dx
(pcosx+qgsinx)

(acosx+bsinx+c)=I(pcosx+qgsinx+r)

+mi(pcosx+qsinx+r)+n
dx

Compare both side coefficients of sin x, cos x and constant term,
and calculate the value of /, mand n.

Solution:

(4cosx+5sinx)

Evaluate J.—

(2cos x +3sinx)
J (4cosx+5sinx)
(2cos x +3sinx)

(4cosx+5sinx) :a(2cosx+35inx)+bdi(2cosx+3sinx)
X

=a(2cos x +3sinx)+b(-2sinx+3cos x)
Comparing the coefficients of cos x and sinx, we get
_23 2

S b==
IREY 13

(3cosx —2sinx)
(2cos x +3sinx)

j1d

23
:—x+—|n\2cosx+3sinx\+c
13 13

(cosx—3sinx+4)
(cosx+sinx+2)

Solution:

Evaluate I

I_J- (cosx—3sinx+4)
(cosx+sinx+2)

. . d .
(cosx —3sinx+4) :a(cosx+S|nx+2)+bd—(cosx+5|nx+2)+c
X

=a(cosx +sinx +2)+b(—sinx +cosx)+c
Comparing the coefficients of cos x, sinx and constant, we get
a=-1,b=2,c=6
cosx —sinx dx
( ) dx + 6J

/=—J’1dx+2j

(cosx+sinx+2) (cosx+sinx+2)

(1+tan2§)
dx

+2tan£+2+2tan2£
2 2

For Il integral,

dx
6 =6
'[(cosx+sinx+2) 1—tan2 X
2

X X
sec? — sec? —
el 2

tan? £+2tan§+3

(cos x —sinx)

:>I——J.1dx+2! (cosx +sinx +2) X+6J jz




1+ tan>
1 ( 2)

2

| = —x+2ln|{cosx+5inx+2}|+3\/5tan_

+C

m Evaluate I

Solution:

1+cotx

"'_I dx __[ sin x dx
1+ cot x Sinx + COs X

d

sinx = Md—(sinx+cnsx)+N(sinx+cnsx]

X
= M(—sinx +cos x)+ N(sinx + cos x)

Comparing the coefficients of sin x and cos x, we have

~-M+N=1,M+N=0
Solving these equations, we have M= _l, N= l
2 2

1 1
sinx = —5(—sinx+cosx)+5{sinx+cosx]

l=j sinx dx

SinXx + Cos X
B J-( smx+cosx) (sinx+cosx) d
(5|nx+cosx) (sinx +cos x)

1
=—5In\(sinx+cosx]|+5x+c




