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(=~ DETERMINANT OF A SQUARE MATRIX OF
ORDER1

Let A =[ay;] be a 1 x 1 matrix, then the determinant of 4 is

the number a, itself, i.e. |ay| = ay;.

(=~ DETERMINANT OF A SQUARE MATRIX

OF ORDER 2
a1 9 .
Let A= be a 2 x 2 matrix, then
a1 ap
_ |41 Q| _
|A| = = 01109 — G120
ay a4y

i.e. the determinant of a 2 X 2 matrix is obtained by taking the
product of the entries on the main diagonal and subtracting
from it the product of the entries on the other diagonal.

(- DETERMINANT OF A SQUARE MATRIX
OF ORDER 3

The arrangement of 9 elements in 3 rows and 3 columns
represents a determinant of order 3, such that

Columns
¢, C G
| 2 )
- Rislay ay ay
3 =
é Ry—|ay ay  ay A
Ry=|ay, a3 aj

The representation is usually shown as A and the value of the
determinant is

Ay, Qp3 ay; a3 ay; Ay
A=a —a. +a
11 12 13
azp 433 az; Az az; Az
—

determinant left determinant left determinant left

] after removing o4 | after removing 1 after removing
}':: 1st row and ob%e| 1strow and X 1st row and
1st column 2nd column 3rd colunm

The above is the expansion of the determinant along the first row.

(1 2 3
Example: If A=|3 2 1|, then

11 1

1 2 3
21 31 32

=[A|=3 2 1]=1 - +3

11 o1 o1

111

=12-1)-23-1)+33B-2)
=1-2(2)+3=4-4=0.
@ MINORS AND COFACTORS
1. Minors

Let 4 = [a;] be a square matrix of order n. Then the minor M
of a; in A4 is the determinant of a square sub-matrix of order

(n— 1) obtained by removing the ith row and jth column
of 4.

1 2 3
Example: If A=|-3 2 -1, then
2 4 3
2 -1
M, = =6-4=2,
-4 3
-3 -1
M, = =9+2=—7
2 3
-3 2
M, = =12-4=8, M, = =6+12=18
2 —
1 3
My=| |=3-6=-3 M fmee=-s
M= |l-2-6--3
31 2 -1 - s
1
M= C|=-1+9=8
1 2
and M,, = =2+6=8.
-3 2

2. Cofactors

Let A = [a;] be a square matrix of order n. Then the cofactor
Cyofa;indis (- times M,;, where Mj; is the minor of a;;
inA.

Cij = (—1)'” Mij

4
Example: If A=

, then the cofactors are

G, = (_l)mMu =M, =2
G, = (_1)1+2M12 =-M,, =—(-3)=3
Cy = (_1)2+1 M, =-M, =1

and C,=(-1""M,=M,, =4.

(=~ SARRUS RULE FOR EXPANSION

Method I: Using the Sarrus rule
Sarrus gave arule for a determinant of order 3. The following
diagram, called Sarrus diagram, enables us to write the value
of a determinant of order 3 in a very convenient manner.

4 b ¢

a, by, ¢|=abc, +bcay+aab,—abyc —cab —boa

@ b
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aq b ¢
Let (@2 b,
a; by ¢

C,| be a determinant of order 3. Write the

elements as shown in Fig. 5.1. Multiply the elements joined
by arrows. Assign the positive sign to an expression if it is
formed by a downward arrow and the negative sign to an
expression if it is formed by an upward arrow. Note that the
first two columns written to the right of the determinant
complete the process. The value of the determinant is given
by ab,c, +bc,a, +c,a,b, - a3b ¢, —c,a,b —byc,a,.
e O ( )
!
\ \cz\az
\b \03\ \ b,
) (+) )
Fig. 5.1
Illustration 1. Find the value of the determinant
7 4 5

A=2 8 3|, using the Sarrus rule.

1 6 9
o) ()()

Solution: We write ??‘\6\\\:9:\\ \6

D B ™
=(7x8%X9)+ (4x3%x1)+ (5X2%x6)—(1x8X%5)
—(6X3X7)—(9%x2x4)
=504+12+60—-40-126—-72=576—-238 =338.
Method I1: Using cofactors
The value of a determinant can also be evaluated by

multiplying the elements of any one row (or column) by its
corresponding cofactors and then summing the resulting products.

a4, Gy Oy
Example: Let A=|a, a,, a,|,thenaccording to definition,
a3 43 Ay
A=a,C, +4a,C,+a,C,

Ay Ay ay a4y

= A=a,

a3y Qi a4y Qg a;; 43

Also, A=a,C, +a,,C,, +a,C,,

A=a,C, + a,C, + a,,C,,
and A=gq,C, +a,C, +a,C, and similarly the other
results can be obtained.

Note Evaluation of a determinant using the cofactor rule is
much more efficient than using the Sarrus rule for
higher-order determinants.

(=" PROPERTIES OF DETERMINANTS

Determinants have some properties that are useful as they
permit to generate equal determinants with different and
simpler configurations of entries. This, in turn, helps to find
values of determinants with efficiency. The properties of
determinants are as follows:

Property 1: The value of a determinant is not changed when
its rows are changed into corresponding columns. Naturally
when rows are changed into corresponding columns, then
columns will be changed into corresponding rows. This
operation is called taking the transpose of a determinant.
Example: For any determinant, we have

a4 Gy Q43| (Gp Gy A3
ay1 Gy ap3(=|01p Gy a3
a3y Q3 As3| |43 Gy3 A3z

Property 2: If two adjacent rows or columns of a determinant
are interchanged, the value of the determinant so obtained is
the negative of the value of the original determinant.
Example: For any determinant, we have

a4 G 943 ay; Ay ap
Ay Ayp ap|=—|41 G O3
az; Q3  dsz a3y 43 a4s3

Note If n interchanges of rows or columns take place, then
the resulting determinant is (—1)" times the given
determinant.

Property 3: The value of a determinant is zero if any two
rows or columns are identical.

41 Yy a3
@y @y a3/=0 (hereR, =R;)
a3y Q3p 433

Property 4: The value of a diagonal matrix, upper triangular
matrix and lower triangular matrix is equal to the product of
the principal diagonal elements.

Example: (i) Diagonal matrix

@ 0 0
Let A=|0 0 |. Expanding along R; (row 1),
0 0 ay

ay
we have, A =aq,,(a,a,,—0)—0+0
=  A=a,,a,,a,, =Product of principal diagonal elements

(i) Upper triangular matrix

Q1 G4y 43
Let A=|0 a, a,3|. Expandingalong C,(column 1),
0 0 aj
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we have, A =a,,(a,,a,,—a,, -0)—0+0
= A=a,a,a, =Product of principal diagonal elements

(iii) Lower triangular matrix

aq, 0 O
Let A=|a,; a,, O |. Expanding along R;, we have
431 dzp a3

A=ay(apas; —azn-0)-0+0
= A=a,a,a, =Product of principal diagonal elements

Property 5: A common factor of all elements of any row
(or any column) may be taken outside the sign of the
determinant. In other words, if all the elements of the same
row (or the same column) are multiplied by a certain number,
then the determinant becomes multiplied by that number.
Example: For any determinant, we have

kay, kay, kas| ey ap  ag
Ay Ay ay|=klay ay ay
az; 43 a3 az; 43 4s3

Property 6: If every element of some column (or row) is the
sum of two terms, then the given determinant is equal to the
addition of two determinants—the first one with the first term
of the sum and the second one with the second term of the
sum. The remaining elements of both the determinants are
the same as in the given determinant.

a t0 a4y @3 |4 G a;z| (& dp  ags
Ayt 0, Ay Axp|=|Ay Gy Gx|t|0) a4y a4
a3+ 03 a3 azz| |43 A3 Q33| (O3 43 A

Property 7: If the elements of a row (or column) of a
determinant are added & times to the corresponding elements
of another row (or column), then the value of the determinant
thus obtained equals the value of the original determinant.

ap G5 93

Example: Let A=|ay; a,, ay| be any determinant.

asz; 4z 433

ayq +kay,
a,, +ka,,
as; +kas,

431 |91

3| = |2 a3

33| a3 as3
[Applying ¢, — C, +kC,]

4 G O3

ax3|=|Ap1 Gy Gp3

ap ap 03

Then a,, a,,

as as

ayy tkay +ma;;  a,  ag

a,, +kay, +ma,; a,,

a3 +kazy +maz;  az,

[Applying C, — C, + kC, + mC,]

Property 8: If each element of a row (or column) of a deter-
minant is zero, then the value of the determinant is zero.

or

as3| |d3; Qa3 A3z

Property 9: If each element of a determinant is a function of
x, such that

L) () f3(0)

A(x)=|g1(x) g,(x) g5(x)

h(x) hy(x) hy(x)
andifat x=cr, A(x)=0,1i.e. A(x)=0,
then x = ¢ is called the root of the determinant function and
conversely (x — @) is the factor of the determinant.

Note If r rows (or columns) become identical when a is
substituted for x, then (x —a)""! is the factor of the given
determinant.

=" PRODUCT OF DETERMINANTS

a4, Gy Oy b, b, b,
Let A, =|a,, a,, ay|and A,=b, b,, by|beanytwo
a3 A4z Ay b, by, by

determinants of third order, then

ay ap  ags||by by b
Ar-Ay=lay ay  ay|lby by by
as; Az as||by by by

ayby, +a,by +aby  ayby, +apby, +agbs,
= A A, =layby +apby, +ayb;,  ayb, +ayb,, +ayb;,
ayby, + ay,by +apby  ayby, +anby, +agb;,
ay1by3 + ayyby3 + ay3bss
Ay1by3 + aybys + ay3bss

a31by5 + azyby5 + az3b55

i.e. the (7, j)th element in (A - A,) is obtained by adding the
products of the corresponding elements of the ith row of A,
and the jth column of A,.

Note Since we know that the value of the determinant does
not change by interchanging the rows and columns,
therefore, while writing down the product of two
determinants of the same order, we can also follow the
row by row multiplication rule, rather than only the row
by column rule.

Also column by column and column by row methods of
operation on product of determinants will yield the same
result.

< DIFFERENTIATION OF A DETERMINANT

Differentiation of a determinant is equal to the sum of
differentials distributed on each row (or column) one at a time.
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Thus, if A is a determinant of order 3, such that
f(x) g(x) h(x)
A(x)=|p(x) q(x) r(x)
u(x) v(x) w(x)

where f, g, h, p, q, r, u, v, w are functions of x alone. Then

AAG) /) g’ W& [f() g&x) h(x)
T p(x) q(x) r®)[+p'(x) q'(x) r'(x)
u(x)  v(x) wx)| jux) v(x) wx)
fx) g h(x)
e g9(x)  rx)|

u'(x) vix) w'(x)
Illustration 2. If a, b, ¢ are in A.P. and
x+a x*+1 1
fx)=|x+b 2x?—1 1], thenfind f’(x).

x+c 3x*-2 1

x+a x*+1 1

Solution: f(x)=|x+b 2x2-1 1

x+c 3x*-2 1

Differentiating column by column,
1 2+1 1

fx)=|

1 3x*-2 1

x+a 2x 1
2x* =1 1|+|x+b 4x 1
x+c 6x 1

x+a x*+1 0
+lx+b 2x*-1 0

x+c 3x*=2 0
0 (- C; and Cj are identical)
x+a 1 1
+2x|x+b 2 1{(R; > R;—R,)
c-b 1 0
x+ta 1 1
=2xjb—-a 1 O|(R,—>R,—R)
c-b 1 0
= 2x(2b—a-c)

=2x0=0 ('.'a,b,careinA.P.=>b=a+c

(=~ INTEGRATION OF A DETERMINANT
a1 (%) app(x)  a5(x)

Let A(x)=| ay ax a3

azy as as3

)

J.au(x)dx J.a’l2 (x)dx J.a13(x)dx
J.A(x)dx =l ay ayy a3
as; asz) as3

, then find the value of

3
Illustration 3. If f(x)= |x5 Slr71 x

jl. f(x)dx.

Solution: jl.f(x)dx= J.

-a —-a

a
xdx J.sinxdx 0 O
= =0
5 7

- 5 7

Note The above formula is applicable only if there is a
variable only in one row or column, otherwise expand
the determinant and then integrate.

(" APPLICATIONS OF DETERMINANTS IN
GEOMETRY

1. Area of a triangle: If (x; y)), (x, ) and (x3)3) are the
vertices of a triangle, then
n »n 1
¥, 1
31

the area of the triangle = S
X3

1
=5[x1(y2 = ¥3)+ X% (3 — Y1)+ X%3(y; — ¥2)]

Illustration 4. Using determinants, find the area of A4BC
whose vertices 4, B and C are the points (2, 3), (5, 4) and (-1, 6)

respectively.
2 31

Solution: Area of AABC=% 5 41
-1 6 1

N—= N|= N~

[2(4-6)-5(3-6)—-1(3—-4)]

[2(=2)-5(=3)-1(-1)]

[-4+15+1] =6 sq. units.

2. Condition of collinearity of three points: Let the three
points be A(xy, ¥1), B(x, ») and C(x3, y3), then these points
will be collinear if

the area of AABC =0

n »n 1

y3 1

Xy

X3
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Lo be continued ...
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