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A  discreterandom variable X follows Binomial distribution with parameters   

n and p, 

 ie, X~𝐵𝑖𝑛(𝑛, 𝑝 ) 

The p.m.f of the variable is given by 𝑓 𝑥 =  𝑛𝐶𝑥  𝑝𝑥  (1 − 𝑝)𝑛−𝑥   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 = 0 1 𝑛   

Where n = number of trials 

P= probability of success in a single trial 

X= required number of success. 

To check that it is a pmf. 

𝑛𝐶𝑥 > 0,𝑝 ≥ 0 𝑎𝑛𝑑  1 − 𝑝 ≥ 0,ℎ𝑒𝑛𝑐𝑒 𝑓 𝑥 ≥ 0. 

 𝑓 𝑥 = ( 1 − 𝑝 + 𝑝 )𝑛
𝑛

𝑖=0

= 1.⇒   𝑓 𝑥 = 1

𝑛

𝑖=0

 

Hence f(x) is a pmf. 

Condition for Binomial distribution: 

Binomial distribution is used in case of Bernoullian variable, ie, 

(i) Number of trials are countably finite 

(ii) In each trials there exists only two possible outcomes, viz, success and 

failure 

(iii) Probability of success in every single trial is same. 

 

 

 

 



 

Eg,  An unbiased die is rolled five times. Find the probability of getting three 6’s. 

Soln:   X:number of 6’s appear in five throws of an unbiased die. 

Therefore, X~𝐵𝑖𝑛 𝑛,𝑝   where n = 5 and p =
1

6
  

So P(X=3) =𝑓 3 =  5𝐶3   (
1

6
)3   1 −  

1

6
 

5−3
=

250

65
 

 

Properties of Bin(n, p) 

 𝑥 𝑥 − 1  𝑥 − 2 …  …… 𝑥 − 𝑟 + 1 𝑓(𝑥)

𝑛

𝑥=0

 

  =   𝑥 𝑥 − 1  𝑥 − 2 …  …… 𝑥 − 𝑟 + 1  
𝑛 !

 𝑛−𝑥 !𝑥!
 𝑝𝑥𝑛

𝑥=0  (1 − 𝑝)𝑛−𝑥   

  =   𝑛 𝑛 − 1  𝑛 − 2 …  …… 𝑛 − 𝑟 + 1  
𝑛 !

 𝑛−𝑥 !𝑥!
 𝑝𝑥  (1 − 𝑝)𝑛−𝑥𝑛

𝑥=0   

  = 𝑛 𝑛 − 1  𝑛 − 2 . .  𝑛 − 𝑟 + 1    
(𝑛−𝑟)!

  𝑛−𝑟 − 𝑥−𝑟  !(𝑥−𝑟)!
 𝑝𝑥  (1 − 𝑝)𝑛−𝑥𝑛−𝑟

𝑥−𝑟=0  

   =  𝑛 𝑛 − 1  𝑛 − 2 . .  𝑛 − 𝑟 + 1  𝑝𝑟  (1 − 𝑝 + 𝑝)𝑛−𝑟  

    =  𝑛 𝑛 − 1  𝑛 − 2 . .  𝑛 − 𝑟 + 1  𝑝𝑟  

 X~𝑩𝒊𝒏(𝒏,𝒑 ) 

1. r th order factorial momement of the random variable X 

 

μ[r] = E(X X − 1  x − 2 …………          X − r + 1 ) 

         =   𝑥 𝑥 − 1  𝑥 − 2 …  …… 𝑥 − 𝑟 + 1 𝑓 𝑥 𝑛
𝑖=0   

         = 𝑛  𝑛 − 1  𝑛 − 2 . .  𝑛 − 𝑟 + 1  𝑝𝑟  

 

 

 



 

 

2. Expectation and variance of the random variable X 

𝑃𝑢𝑡 r= 1, E(X) = np 

𝑟 = 2,     𝐸(𝑥 𝑥 − 1 =  𝑛 𝑛 − 1 𝑝2 

 Variance of X = 𝜎𝑋
2 = 𝐸 𝑋 𝑋 − 1  +  𝐸 𝑋 − (𝐸 𝑋 )2 

    = 𝑛 𝑛 − 1 𝑝2 +  𝑛𝑝 −  𝑛2𝑝2  

    = 𝑛𝑝(1 − 𝑝) 

3. Binomial distribution is symmetric when 𝒑 =  
𝟏

𝟐
 

A real valued mathematical function with domain [a, b] is symmetric iff  

f(a + x) =f(b – x) 

Using the property for binomial pmf. 

f ( 0+ x ) = f ( n – x ) 

⇒   𝑛𝐶𝑥  𝑝𝑥  (1 − 𝑝)𝑛−𝑥  =   𝑛𝐶𝑛−𝑥
 𝑝𝑛−𝑥  (1 − 𝑝)𝑥    

⇒  (1 − 𝑝)𝑛−2𝑥  =    𝑝𝑛−2𝑥    

⇒ 1 − 𝑝 = 𝑝 

⇒ 𝑝 =  
1

2
 

So Binomial dic when istribution is symmetric when 𝑝 =  
1

2
. 

 

 

 

 



 

 

4. Binomial distribution attains maximum variance when 𝒑 =  
𝟏

𝟐
 

 

      𝜎𝑋
 2 =  𝑛𝑝(1 − 𝑝) 

⇒  
𝑑

𝑑𝑝
 𝜎𝑋

 2 = 𝑛 − 2𝑛𝑝 

⇒  
𝑑2

𝑑𝑝2
 𝜎𝑋

 2 =  −2𝑛 < 0 ⇒ 𝑎𝑙𝑤𝑎𝑦𝑠 𝑚𝑎𝑥𝑖𝑚𝑢𝑚  

𝑑

𝑑𝑝
 𝜎𝑋

 2 = 0 ⇒  𝑛 − 2𝑛𝑝 = 0 ⇒ 𝑝 =  
1

2
    

 

So Binomial distribution attains maximum variance when 𝑝 =  
1

2
 

Hence symmetric Binomial distribution has maximum variance. 

 

 

 

 

 

       Prepared by 

       Sanjay Bhattacharya 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 


